In this paper, we examine collective and self-diffusion properties of dispersions of spherically shaped colloidal particles at intermediate and long times. Our analysis is based on a fully self-consistent ͑rescaled͒ mode coupling theory ͑MCT͒ adjusted to describe the overdamped dynamics in concentrated suspensions of neutral and charged colloidal particles. The dynamical quantities studied in dependence on various experimentally controllable system parameters are the particle mean-squared displacement, long-time collective and self-diffusion coefficients, dynamic structure factors, nonexponentiallity factors and collective and self-memory functions. The results of our theoretical treatment are compared with Brownian dynamics computer simulation data, experiment and other existing theories. It is shown that the rescaled MCT can be successfully applied to a wide range of dynamical properties. Our calculations reveal in particular an exponential long-time mode of the dynamic structure factor for a limited range of wave numbers and at sufficiently high concentrations. A dynamic scaling behavior of the dynamic structure factor and self-intermediate scattering function is predicted for the important case of salt-free charge-stabilized suspensions. As a consequence of the dynamic scaling, the static freezing criterion for colloids by Hansen and Verlet ͓Phys. Rev. 184, 151 ͑1969͔͒ is shown to be equivalent with the dynamic criterion by Löwen et al. ͓Phys. Rev. Lett. 70, 1557 ͑1993͔͒ related to long-time self-diffusion.
I. INTRODUCTION
The dynamics of suspensions of spherical colloidal particles has been extensively studied in the past by means of various light scattering techniques.
1-3 Part of the interest in these systems arises from the fact that these wellcharacterized dispersions can serve as model systems for more complex colloids relevant to the chemical and pharmaceutical industry. Furthermore, since the relevant length and time scales of colloids are easily accessible experimentally, colloidal model systems are good test beds for scrutinizing theoretical methods originally developed in atomic condensed matter physics and adjusted to describe the microstructure and diffusion of Brownian systems.
Unlike simple fluids, in which the molecular motion is ballistic and determined only by the molecular force law, the colloidal dynamics is dissipative due to the intervening solvent which gives rise to Brownian particle motion and manybody hydrodynamic interactions ͑HI͒. The presence of longrange HI and, quite frequently, also of polydispersity in particle sizes and interactions complicates the theoretical treatment of the colloidal dynamics considerably.
The static and short-time dynamic properties of bulk dispersions of monodisperse and polydisperse colloidal spheres are well understood both from the experimental 1,4-10 and theoretical 7-9,11-15 point of view. On the other hand, the theoretical prediction of dynamic properties at intermediate and long times is far more difficult due to the occurrence of memory effects which depend both on direct and hydrodynamic interparticle forces. Exact analytical results for longtime diffusional properties are in fact known to date only for hard-sphere dispersions in the limit of small concentrations. [16] [17] [18] [19] [20] For the more interesting case of concentrated dispersions, approximations have to be introduced to allow for further progress.
In a number of recent articles, we have used a ͑rescaled͒ mode coupling theory ͑MCT͒ for the calculation of longtime rheological and related diffusional properties of colloidal suspensions. [21] [22] [23] [24] For concentrated hard-sphere dispersions, we employed a short-time hydrodynamic rescaling procedure in the spirit of Medina-Noyola 25 and Brady, 26, 27 to approximate the strong influence of the HI on the particle dynamics. The findings from the rescaled MCT have been compared with experiments and Brownian dynamics ͑BD͒ computer simulations, and good agreement is observed. 21, 22 From our MCT calculations in Ref. 22 , we were led to interesting predictions concerning the general validity of certain empirically found generalized Stokes-Einstein ͑GSE͒ relations linking low-shear viscoelastic properties to diffusion coefficients. Most of the GSE relations investigated in Ref. 22 were shown to hold reasonably well for hard-sphere dispersions, whereas the violation of the same GSE relations is a͒ predicted in case of charge-stabilized suspensions.
In this paper, we extend the aforementioned analysis on the performance of the ͑rescaled͒ MCT by exploring now its predictions concerning collective and self-diffusion properties at intermediate and long times. Our results are exemplified for hard-sphere dispersions and de-ionized chargestabilized dispersions in order to illustrate the different dynamic behavior of systems with short-range and longrange direct interactions. Although the MCT has been formulated recently also for colloidal mixtures with an arbitrary number of components, 23, 24, 28 we restrict ourselves here to monodisperse and slightly polydisperse systems. We calculate and analyze various measurable dynamic properties including the dependence of the dynamic structure factor S(q,t) on the wave number q and correlation time t, the particle mean squared displacement ͑MSD͒ W(t), and the nonexponentiallity factor ⌬(q) which characterizes the overall nonexponential decay of S(q,t). In calculating ⌬(q), we also account for small size polydispersity effects which are of importance at small q. Furthermore, the density dependence of various long-time diffusion coefficients, and the density dependence and asymptotic time dependence of the irreducible memory functions related to collective and self diffusion are investigated.
To assess the accuracy of the MCT results, we compare with results obtained from experiments, BD simulations and some other existing theories. From this comparison the ͑res-caled͒ MCT will emerge as a useful approximate method for predicting diffusional properties, without requiring any adjustable parameter. By analyzing the analytical properties of the dynamic structure factor, we show that in MCT the hardsphere S(q,t) exhibits an exponentially decaying long-time form for volume fractions ⌽Ͼ0.2 and for wave numbers near the value, q m , where the maximum of the static structure factor S(q) occurs. The exponential long-time mode can be characterized by a long-time collective diffusion coefficient D C L (q m ), which decreases with increasing concentration. For de-ionized charge-stabilized suspensions, we predict a dynamic scaling behavior of S(q,t) and of the selfintermediate scattering function, G(q,t), in terms of a characteristic wave number and relaxation time related to the geometric mean particle distance. The MCT is consequently shown to map the static Hansen-Verlet freezing criterion 29 ͑cf. also Ref. 30͒ to the dynamic freezing criterion of Löwen et al. 31 The paper is organized as follows: In Sec. II, we develop the general framework of the self-consistent ͑rescaled͒ MCT equations for S(q,t) and for G(q,t), and we outline its numerical implementation. In Sec. III we give the details of how collective and self-diffusional properties are determined in MCT. This section includes further a discussion of the asymptotic time dependence and scaling of S(q,t), G(q,t) and of the associated collective memory functions. Numerical results for diffusional properties of hard-sphere and charge-stabilized dispersions are presented and analyzed in Sec. IV, in comparison with computer simulations, experiment and some other existing theories on colloidal dynamics. Our final conclusions are contained in Sec. V.
II. MODE COUPLING THEORY OF COLLOIDAL DIFFUSION
We consider a monodisperse suspension of colloidal spheres of diameter ϭ2a dispersed in a Newtonian solvent. The correlation of density fluctuations in the equilibrium state is described by the dynamic structure factor, defined as 1, 32 S͑q,t ͒ϭ ͳ
͑1͒
where q is the scattering wave vector of modulus q, N is the number of colloidal particles in the scattering volume, R l (t) is the position vector pointing to the center of sphere l, and ͗•••͘ denotes an equilibrium ensemble average. The dynamic structure factor is the central statistical mechanical quantity describing the collective dynamics of colloidal particles. For times t much larger than the momentum relaxation time B Ϸ10
Ϫ8 s, the colloidal dynamics is governed by the many-body Smoluchowski equation which describes the relaxation of the particle positions under the presence of direct and hydrodynamic forces.
3 Within the time range where the Smoluchowski equation applies, HI can be considered to act instantaneously.
By using a projection operator formalism and an appropriate decomposition of the Smoluchowski equation, the following time evolution equation for S(q,t) has been derived:
where
0 is the StokesEinstein diffusion coefficient of a colloidal sphere of radius a, and H(q) is the hydrodynamic function. The latter quantity accounts for the configuration-averaged effect of the HI on the short-time dynamics.
1,3 Without HI, H(q)ϭ1 independent of q, whereas undulations in H(q) with a q-dependence similar to that of S(q) are indicative of the influence of HI. 7, 8, 10, 37 The first term on the right-hand-side of Eq. ͑2͒ determines the initial exponential decay of S(q,t), which takes place within the short-time regime B ӶtӶ a , where a ϭa 2 /D 0 Ϸ10 Ϫ4 -10 Ϫ3 s is the time required for a noninteracting particle to diffuse a distance comparable to its own size. The integral term on the right-hand-side of Eq. ͑2͒ containing the irreducible collective memory function M C irr (q,t) accounts for memory effects originating from collective particle motion. This memory term gives rise to an overall slower and, in general ͑cf. Sec. IV͒, nonexponential decay of S(q,t) at intermediate times tϷ a and at long times tӷ a .
An exact microscopic expression for M C irr (q,t) was derived in Refs. 33, 35 and 38. This expression is used as the starting point for introducing a lowest order mode coupling approximation, following the work on simple and super-cooled liquids, 39, 40 resulting in a self-consistent set of equations for calculating the dynamic structure factor of colloidal systems with their overdamped particle dynamics. While this scheme has been extended very recently to colloidal mixtures 23 and provides an opportunity for the inclusion of far-field HI, which is the prevailing part of the HI in dilute charge-stabilized colloids, 23, 28 the present results are obtained from the MCT applied to monodisperse fluid systems with HI disregarded. For the comparison with experimental data on concentrated hard-sphere dispersions, where the strong influence of many-body HI has to be accounted for, we describe this influence approximately by combining the MCT with a short-time hydrodynamic rescaling procedure as used already in Refs. 21 and 22 ͑cf. Sec. III͒. In Refs. 21 and 22, it was shown that that the hydrodynamically rescaled MCT of hard-sphere dispersions leads to good agreement with experimental findings on viscoelastic and diffusional properties.
In MCT, the collective memory function is approximated without HI by
with the vertex amplitude 33, 35, 39, 41, 42 V C ͑ q,k͒ϭq "knc͑k ͒ϩq •͑qϪk͒nc͉͑qϪk͉͒, ͑4͒ related to collective diffusion. Here, c(q)ϭ͓1Ϫ1/S(q)͔/n is the Fourier-transformed two-body direct correlation function, q ϭq/q, and n denotes the number density of particles. The vertex amplitude V C (q,k) in Eq. ͑4͒ is derived in the so-called convolution approximation, where the contribution of static three-point direct correlations is neglected. The convolution approximation for the collective vertex amplitude is used in most of the recent applications of the MCT to atomic 34, 39, 40 and colloidal dynamics. 21, 22, 33, 36, 43, 44 Its application gives rise to a consistent glass transition scenario in form of an ergodic-nonergodic transition of the particle dynamics. 39, 40, 42, 45 It should be mentioned that an approximation for V C (q,k) different from Eq. ͑4͒ has been suggested by Hess and Klein. 46 However, as pointed out already in Ref. 35 , the Hess and Klein vertex approximation leads to poor results for collective dynamic properties in comparison with experimental and computer simulation data on charged and neutral colloidal particles.
The mode coupling scheme has been developed also for self-diffusional properties, related to the self-intermediate scattering function
͑5͒
The time evolution of the scattering function G(q,t) is described by the memory equation 28 ,34,35
where the irreducible memory function, M S irr (q,t), describing self-diffusion is approximated in MCT by
In Eq. ͑6͒, D S S is the short-time self-diffusion coefficient which is equal to the initial slope of the particle meansquared displacement. For vanishing HI, D S S reduces to D 0 , and the vertex amplitude V S (q,k) is approximated by
͑8͒
Notice that V C (q,k) according to Eq. ͑4͒ corresponds to 2V S (q,k) in the limit of large q. This limiting behavior is to be expected physically since S(q,t)ϷG(q,t) when qӷq m . Eqs. ͑2͒-͑4͒ constitute a self-consistent set of nonlinear equations determining S(q,t) for given static structure factor S(q). The latter can be calculated independently for given pair potential using, e.g., well-established integral equation schemes. 47 Once S(q,t) has been determined, G(q,t) follows from solving Eqs. ͑6͒-͑8͒. A well-known feature of the MCT equations presented here is that they predict an idealized glass transition scenario. This scenario is characterized by the appearance of nonergodicity in Brownian systems above a certain concentration threshold, where S(q,t) and G(q,t) do not relax to zero and where the suspension viscosity diverges, 23, 40 consistent with experimental measurements on hard sphere 43, 48 and charge-stabilized particle systems. 49 In the following, we briefly outline the numerical method used in solving the coupled Eqs. ͑2͒-͑8͒. After reexpressing the integrals in the memory function expressions in Eqs. ͑3͒ and ͑7͒ in bipolar coordinates, the coupled MCT equations are solved numerically in discretized form using an algorithm developed by Fuchs et al. 50 A uniform wave number grid with typically 500 grid points, qϭi⌬q, is employed with a grid spacing ⌬qϭq m /40. The resulting MCT integral-difference equations are integrated forward in time starting from the known short-time behavior of S(q,t) and G(q,t). In performing the time derivative, the logarithms of S(q,t) and G(q,t) are used instead of these quantities themselves to improve on the numerical accuracy. As discussed in more detail in the following section, the irreducible memory functions of hard-sphere dispersions show a t Ϫ1/2 singularity for t→0 arising from the singular nature of the pair potential. Advantage is taken of the analytically known short-time forms of M S irr (q,t) and of M C irr (q,t) for the integration over the first time steps where S(k,t) and G(k,t) can be described by their short-time forms.
The MCT equations presented so far have been obtained without HI. For concentrated hard-sphere dispersions, strong many-body HI effects have to be accounted for to be able to compare with experimental results. The incorporation of many-body HI into long-time diffusion is a very difficult task and has been accomplished so far only approximately. We, therefore, use a hydrodynamic rescaling procedure of the MCT results for concentrated hard-sphere dispersions which allows for quantitative comparison with experimental data. 21, 22 This procedure derives from the assumption that diffusion properties with HI can be factorized in a hydrodynamic part, given by the corresponding short-time property with HI included, and a purely structural part. The latter is calculated using the MCT equations ͓Eqs. ͑2͒-͑8͔͒.
For the case of self-diffusion, the rescaling procedure amounts to approximating the particle mean-squared displacement W(t)ϭ͓͗R 1 (t)ϪR 1 (0)͔ 2 ͘/6 and the long-time
corresponding to
The factorization approximation for D S L in Eq. ͑10͒ has been proposed initially by Medina-Noyola 25 and developed in more detail by Brady. 26 For the short-time self-diffusion coefficient of hard spheres, we use a semiempirical result suggested by Lionberger 
in the concentration regime where S(q m ,t) exhibits an exponential long-time mode. A collective long-time mode of S(q m ,t) has indeed been observed in dynamic light scattering experiments on colloidal hard-sphere dispersions. 52 The rescaling relation for D C L (q m ) is explicitly given by
where H(q m ) is the value of the hydrodynamic function at the wave number q m characterizing the extent of the nearest neighbor shell around a particle. for volume fractions up to the freezing transition.
We notice that the rescaled expression for
Eq. ͑13͒, with q m replaced by q, reduces to that for D S L in Eq. ͑10͒ in the long wave number regime qӷq m . It is further observed that the exact short-time form of W(t) is recovered from Eq. ͑9͒ in the short-time regime.
The hydrodynamic rescaling procedure for colloidal hard spheres is semiempirical and does not reproduce the known exact dilute limits of the long-time transport coefficients. On physical grounds, one can expect Eq. ͑9͒ to apply only at sufficiently high concentrations, where each particle is surrounded by a well-defined dynamic cage of neighboring particles. A particle diffusing out of its cage very likely will pass one of the cage particles very closely, since the hardsphere radial distribution function attains its maximum at contact distance. Due to the strongly reduced relative hydrodynamic mobility of two colloidal spheres near contact, the tracer particle will diffuse very slowly in the immediate neighborhood of its cage neighbor for a considerable amount of time, as adequately described by short-time self-diffusion, before leaving the cage leading to structural relaxation. This intuitive picture of cage diffusion provides a rationale for Eq. ͑9͒. The factorization approximation in Eq. ͑9͒ should not hold for charge-stabilized dispersions according to this picture, since long-range double layer repulsion prevents particles from diffusing so close to each other that lubrication forces come into play. On the contrary, the far-field part of the HI prevailing in dilute charge-stabilized dispersions is expected to promote the diffusion of the tracer particle out of its momentary cage, leading thus to a hydrodynamic enhancement of long-time self-diffusion. This enhancement should be contrasted with hard sphere dispersions where, in qualitative accord with Eq. ͑9͒, near-field HI causes the particles to diffuse slower at long times. The hydrodynamic enhancement of long-time self-diffusion in de-ionized chargestabilized dispersions was predicted in Ref. 35 on the basis of simplified MCT calculations and exact low-density results. It should occur in all colloidal systems with long-range repulsive pair forces. Hydrodynamic enhancement of selfdiffusion has been observed meanwhile in experiments and computer simulations on charge-stabilized dispersions, 53 and on quasi-two-dimensional colloids confined near a liquidgas interface 54, 55 or between two closely spaced plates. 56 Since a rescaling procedure for charge-stabilized systems is not known to date, we will neglect in our calculations the influence of HI on these systems. For charge-stabilized systems, we expect the diffusional properties to be only moderately affected by HI, as supported by exact lowdensity effective hard-sphere calculations and simplified MCT calculations of D S L . 35 Our findings for the diffusional properties of charge-stabilized systems will be mainly compared with BD simulations. In these simulations, the influence of HI is disregarded due to the considerable difficulties in incorporating HI into simulations. We point out that the calculation of diffusional properties in MCT with HI disregarded is important to assess the accuracy of the treatment of many-body direct interactions.
III. CALCULATION OF DIFFUSIONAL PROPERTIES
Having reviewed the basic MCT equations, we address now the calculation of various diffusional properties. Furthermore, we discuss the asymptotic time behavior of S(q,t) and related irreducible memory functions. Dynamic scaling relations are proposed for salt-free charge-stabilized dispersions, which relate the Hansen-Verlet static freezing criterion to a dynamical one proposed by Löwen et al.
The mean-squared displacement ͑MSD͒ can be determined from G(q,t) according to
͑15͒
At short times, W(t) increases linearly in time with a slope D S S , followed by a sub-linear increase at intermediate times due to the retarding influence of the cage of neighboring particles. At long times, W(t) is again linear with slope equal to the long-
where M S irr (q,s) is the Laplace transform of M S irr (q,t). A suitable measure of the overall nonexponential decay of S(q,t) for correlated particles is the nonexponentiallity factor, ⌬(q), defined as 35, 46, 57, 58 ⌬͑q ͒ϭ1Ϫ
is the mean relaxation time of the normalized dynamic structure factor C (q,t)ϭS(q,t)/S(q), with Laplace transform C (q,s). Using Eq. ͑2͒, ⌬(q) can be expressed in terms of the zero-frequency limit of the Laplace-transformed irreducible memory function, M C irr (q,s), as
from which it follows that 0р⌬(q)р1. For weakly correlated particles with small deviations of C (q,t) from its short-time form exp͓Ϫt/ C S (q)͔, ⌬(q) attains values close to zero, whereas values close to one indicate strong particle correlations with a slow decay of S(q,t).
Whereas theory predicts for monodisperse systems with pairwise additive HI that ⌬(q→0)ϭ0, experimental data extrapolate to finite values of ⌬(q→0). This apparent contradiction was resolved in Refs. 57 and 58, where it was shown that even tiny amounts of size polydispersity can give rise to values of the measured ⌬(qӶq m ) significantly larger than zero. For dispersions with a narrow size distribution, the experimentally determined dynamic structure factor is well approximated by the decoupling approximation form
with the scattering coefficient X(q)Ϸ9s 2 essentially independent of q for wave numbers q Ͻ0.5. The size distribution is determined by the mean particle diameter and the relative standard deviation sӶ1. The quantities S I (q,t) and G I (q,t) are the dynamic structure factor and selfintermediate scattering function of the idealized monodisperse system of particles of diameter . In Refs. 57 and 59 it was shown for weakly polydisperse systems of strongly correlated particles that the first term on the right-hand-side of Eq. ͑21͒, which originates from self-diffusion, dominates the temporal decay of S D (q,t) at small q, since S D (0)Ӷ1 and S D (q,t)рS D (q). As a consequence nonzero values for the nonexponentiallity factor ⌬ D (q) related to S D (q,t) are obtained for q→0. By accounting for size polydispersity on the basis of the decoupling approximation and using a simplified ͑i.e., not fully self-consistent͒ MCT solution for S I (q,t) and G I (q,t), good agreement was found for small q with experimentally determined nonexponentially factors. 35, 57 In Sec. IV, fully self-consistent MCT results for ⌬(q) are presented, resulting in improved agreement with experimental and BD simulation data at intermediate values of q.
We proceed now with a general discussion of the asymptotic time dependence of S(q,t). Consider first a hardsphere dispersion with HI ignored. The singular hard core potential leads to a nonanalytical behavior of the irreducible memory functions M C irr (q,t) and M S irr (q,t) for t→0. Within the MCT, we can deduce the asymptotic short-time dependence of the irreducible memory functions by employing in the vertex amplitudes in Eqs. ͑4͒ and ͑8͒ the large-q asymptotic form
of the hard-sphere static structure factor S(q). Here, j 1 (x) is the first-order spherical Bessel function, and g(2a ϩ )у1 is the contact value of the hard-sphere radial distribution function g(r). From an asymptotic short-time analysis of Eq. ͑3͒, we obtain with Eq. ͑22͒ the following result for the short-
as Ӷ1, where we have introduced the wave number dependent dimensionless time ϭq
with the function
where j n (x) denotes the spherical Bessel function of order n. The contact value of the hard-sphere radial distribution function is given to good accuracy by the Carnahan-Starling formula
within the fluid regime. The short-time divergence of M C irr (q,t) proportional to Ϫ1/2 leads to the following shorttime asymptotic form of the dynamic structure factor:
as can be deduced from a short-time expansion of Eq. ͑2͒ with Eq. ͑23͒ as input.
The related short-time asymptotics of the self-diffusion properties are easily derived from Eqs. ͑23͒ and ͑27͒ by employing that G(q,t)ϷS(q,t), d(2qa)Ϸ1, and S(q)Ϸ1 in the limit of large-q:
and G͑q,t ͒Ϸ1Ϫϩ
valid for Ӷ1. The coefficient A S MCT is equal to the righthand-side of Eq. ͑24͒, with d(2qa) replaced by one. The irreducible memory functions remain finite for t→0 in case of charge-stabilized dispersions, since the physical hard core is masked by soft long-range repulsive interactions. There are thus no terms in the short-time forms of the scattering functions proportional to 3/2 . We have taken advantage of the short-time forms ͑23͒ and ͑28͒ in our numerical solution of the MCT equations for colloidal hard spheres. The MCT results for the short-time asymptotics should be compared with the exact asymptotic results 20 for S(q,t) and G(q,t), and for the associated irreducible memory functions. The exact asymptotic forms for hard spheres differ from the MCT results ͑23͒-͑29͒ only in the somewhat different coefficients A C and A S , which are given in terms of the MCT coefficients as
While not reproducing accurately the coefficients of the exact short-time forms of hard spheres, the MCT is at least qualitatively correct in predicting the exact asymptotic t-dependence. This is quite a remarkable finding since the approximations made in the MCT are aimed at describing diffusion effects at long times. We mention in this context that the transverse shear stress correlation function, ⌬(t), of colloidal hard spheres also exhibits a t Ϫ1/2 divergence for t→0, in accord with MCT results for ⌬(t), 22, 24 which differ from the exact short-time asymptotics 51 again by a factor of g(2a ϩ )/2. Whereas the short-time forms of S(q,t) and G(q,t) for colloidal hard spheres are determined only by two-body effects and are thus obtained analytically for all physically allowed densities, the large-t asymptotics of these quantities is known analytically only up to linear order in ⌽. In Refs. 18 and 20 it is shown that both S(q,t) and G(q,t) exhibit an algebraic-exponential long-time tail proportional to Ϫ3/2 exp͓Ϫ/2͔ to first order in ⌽. While the long-time tail is too small to be of experimental relevance, its mere existence illustrates that S(q,t) and G(q,t) are in general nonexponentially decaying functions at long times.
Using in Eqs. ͑3͒ and ͑7͒ the small-q form of S(q) to linear order in ⌽, the same asymptotic long-time tails for S(q,t) and G(q,t) are recovered in MCT as in the exact low-density calculations, again up to somewhat different prefactors.
To linear order in ⌽, it follows further from Eqs. ͑2͒ and ͑6͒ that the Ϫ3/2 exp͓Ϫ/2͔ tail of the dynamic scattering functions corresponds to the same long-time tail in the associated irreducible memory functions. This illustrates the general observation that memory functions do not decay substantially faster than their associated scattering functions.
If M C irr (q,t) would decay sufficiently faster than S(q,t), then the memory integral in Eq. ͑2͒ could be de-convoluted for tӷ a as
͑30͒
This would imply that S(q,t) decays exponentially at long times according to
We have introduced here a wave number and frequency dependent diffusion kernel, D C (q,s), related to the normalized dynamic structure factor by
The coefficient D C L (q) is closely related to ⌬(q) and (q), since
As pointed out already in Refs. 18-20, D C L (q) as defined by Eq. ͑32͒ is actually a measure for the mean relaxation and not for the long-time relaxation of S(q,t). An exponential long-time mode of S(q,t) is characterized by D C L (q) only when de-convolution ͑30͒ applies. However, we reemphasize that this de-convolution is in general not valid so that D C L (q) has to be distinguished from the genuine long- 
). This gives rise to the inequality
A long-time analysis of the hard-sphere S(q,t) similar to ours has been performed by Cichocki and Felderhof, 19, 20 on the basis of the so-called contact Enskog approximation ͑CEA͒. According to the CEA, a collective long-time mode of S(q m ,t) appears for ⌽Ͼ0.15, in qualitative accord with the MCT finding.
An exponential long-time decay of S(q,t) for concentrated charged colloidal dispersions at wave numbers near q m was proposed further by Cohen, de Schepper, and co-workers. 61, 62 Neglecting possible HI contributions, these authors approximate D C L (q) by the so-called cage-diffusion coefficient, D c (q), defined by
The factor d(2qa)/S(q) describes the structural relaxation of a particle in its nearest-nearest neighbor cage. The contact value g(2a ϩ ) in Eq. ͑35͒ is equal to the contact value of an equivalent effective hard-sphere system, with an effective particle radius a determined from a best fit for qϭq m of the experimentally observed S(q) with the S(q) of the equivalent hard sphere system. 62 Notice that the contact value of the actual g(r) is essentially equal to zero. In the remaining part of this section we address in MCT without HI the scaling behavior of S(q,t) and G(q,t) for fluid systems with strong and long-range particle repulsion. Such systems are characterized in terms of a single physically relevant length scale, given by the geometric mean particle distance rϭn Ϫ1/3 . Important examples are de-ionized, i.e., salt-free, suspensions of charge-stabilized particles, 1, 32 and quasi-two-dimensional dispersions of superparamagnetic particles exposed to a perpendicular magnetic field. 54, 55 The radial distribution function, g(r), of these systems reveals a well-developed principal peak located at a radial distance, r m , which is nearly equal to r. 14 
where we have used that q m 3 /nϷ(2) 3 for the systems under consideration.
According to the reduced MCT equations, systems with equal S(q m ) exhibit the same shapes of S(q,t) and G(q,t) as functions of q/q m and t/ q m . Provided that r m is the only relevant length, the scaling of the dynamic correlation functions predicted in MCT appears to be physically reasonable, although we are not able to provide a general proof. It would be of interest to examine the scaling predictions further using BD simulations.
An immediate consequence of the dynamic scaling proposed in the MCT is that systems with identical S(q m ) also have the same long-time self-diffusion coefficient. This oneto-one correspondence between S(q m ) and D S L implies that the Hansen-Verlet static freezing criterion 29 and the dynamic criterion of Löwen et al. 31 are equivalent. According to the Hansen-Verlet criterion, a monodisperse colloidal suspension freezes when S(q m )Ϸ2.85, whereas the freezing transition is characterized by the dynamic criterion through a value of D S L /D 0 close to 0.1. The dynamic criterion was found empirically from experiments and BD simulations ͑without HI͒ of systems with Yukawa-type repulsive pair potentials including the one-component plasma and hardsphere dispersions as opposite limiting cases. In Sec. IV it is shown that the MCT applied to de-ionized charge-stabilized suspensions gives results in good agreement with the freezing values of S(q m ) and D S L stated in the two criteria, which speaks in favor of the self-consistent MCT description of the simple liquid and colloidal dynamics.
The equivalence of the static and dynamic freezing criteria within MCT is a consequence of the single system length scale, which permits rescaling of the governing dynamic equations. Approximate agreement between the static and dynamic freezing criteria can be expected also for systems in which the primary static structure factor peak is the dominant feature of the static correlations. 34 Since the MCT is an approximate theory for the dynamics, this finding may not provide any fundamental connections between the static and dynamic viewpoints of the freezing process, although studies 65 and suggestions 66 on this topic have been made. In our discussion of the dynamic scaling behavior for systems with long-range repulsion, we have disregarded the possible influence of HI. The inclusion of HI effects inevitably introduces the ͑hydrodynamic͒ diameter as a second relevant length scale, through the appearance of hydrodynamic mobility tensors in quantities like the hydrodynamic function H(q) ͑cf. Refs. 3, 32, and 67͒. As discussed before, far-field HI cause only a modest increase in D S L above its value without HI, so that the dynamic criterion can still be expected to hold qualitatively. Our expectation is supported by the work of Löwen et al., where BD computer simulation results for D S L without HI are compared with experimental data.
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IV. RESULTS AND DISCUSSION
Numerical results for self-and collective dynamical properties of charge-stabilized and hard-sphere suspensions are presented in this section, and are compared with experimental work, BD simulations and other existing theories on colloidal dynamics. We first investigate charge-stabilized dispersions; hard-sphere systems are analyzed subsequently.
The effective pair potential, u(r), acting between two charged particles is modeled as the superposition of a masked hard-core part of diameter with the repulsive part of the well-known Derjaguin-Landau-Verwey-Overbeek ͑DLVO͒ potential. The latter reads explicitly
Here, K is a dimensionless coupling parameter given by
where L B ϭe 2 /(⑀k B T) is the Bjerrum length for a suspending fluid of dielectric constant ⑀, and Z is the effective charge number of a colloidal particle in units of the elementary charge e. The screening parameter is determined by 2 ϭ4L B ͓n͉Z͉ϩ2n s ͔ϭ c 2 ϩ s 2 where n s is the number density of added 1-1 electrolyte. The parameter consists of a contribution, c , due to counter-ions, which are assumed to be monovalent, and a second contribution, s , arising from added electrolyte. Equation ͑38͒ is a good approximation for the effective pair potential of strongly charged particles, where the effective charge Z accounts for nonlinear screening effects. 68, 69 We employ the well-established rescaled mean spherical approximation ͑RMSA͒ for calculating the static structure factor of charge-stabilized dispersions described by the potential in Eq. ͑38͒. The system parameters used in our MCT calculations and summarized in Table I describe various charge-stabilized systems studied in experimental, 52, [70] [71] [72] computer simulation 71, [73] [74] [75] and theoretical work. 20, 44, 74, 76 The parameters in Table I for the charged system ͑CS͒ are typical, e.g., for salt-free aqueous dispersions of highly charged polystyrene spheres with r m Ϸn Ϫ1/3
. The effective charge numbers Z in the table are determined for the aqueous suspensions studied by Härtl et al. 71 from matching the peak height of the RMSA S(q) to the experimentally determined one. Likewise, for the systems studied by Gaylor et al., 73 the RMSA S(q m ) is fitted to the corresponding BD data by adjusting the coupling parameter K as described by López-Esquivel et al. 76 In this way, an optimized static input S(q) is obtained for the coupled MCT equations.
The q-dependence of S(q,t) for system GϩL is shown in Fig. 1 to illustrate the relaxation of density fluctuation correlations. Our MCT results for S(q,t) are compared with BD data of Gaylor et al., 73 and with results of López-Esquivel et al. 76 derived from a single exponential approximation ͑SEXP͒ of the collective memory function M C irr (q,t). The MCT S(q,t) is seen to be in excellent agreement with the BD results even at the largest correlation time tϭ1.6 ms considered, whereas the SEXP predicts that the structural relaxation proceeds too rapidly. The self-consistent MCT is thus a better approximation for intermediate and long times than the SEXP.
We discuss next results for the time-dependence of S(q,t), at fixed q, and for the nonexponentiallity factor ⌬ D (q) of charge-stabilized dispersions. In Fig. 2͑a͒ , the RMSA S(q) for system H is shown together with the corresponding experimental and BD results by Härtl et al. 71 While the RMSA S(q) is matched only at q m , there is good agreement with the BD data for all values of q. The experimental S(q) is slightly larger than the RMSA and BD results at small q. This difference can be ascribed to a small amount of size polydispersity in the experimental sample with relative standard deviation sϷ0.06. As indicated by the arrow, the principal peak of S(q) is located at q m ϭ0.69Ϸq 2 . Figure 2͑b͒ displays MCT, BD, and experimental findings of S(q,t) versus time for wave numbers q 1 and q 2 , the second one located at the peak of S(q) and the first one at q 1 Ϸ0.87q m .The MCT predictions are in good qualitative agreement with the BD and experimental S(q). The relaxation of density fluctuations of wavelength comparable with the extent of the nearest-neighbor cage, as described by S(q m ,t), is seen to be considerably slower. Both curves reveal significant deviations from a single exponential form due to strong particle correlations.
The nonexponential decay of S(q,t) is quantified by the nonexponentiality factors ⌬ D (q) and ⌬(q), introduced in Sec. III. Results for these quantities for system H and for the systems M-ST, M-WX, and M-YZ of Müller 77 are displayed in Figs. 3͑a͒ and 3͑b͒ , respectively. Considering the statistical fluctuations in Fig. 3͑a͒ in the experimental and BD data, good agreement is observed between the MCT and BD data of ⌬ D (q), calculated both without HI and using a size polydispersity of sϭ0.06 according to the experimental estimate. Further shown in Fig. 3͑a͒ is the MCT result for ⌬(q) using sϭ0, which illustrates the importance of size polydispersity effects at small q.
In Fig. 3͑b͒ , we compare MCT results for ⌬ D (q), using sϭ0.05, with the corresponding experimental data of Müller. Samples M-WX and M-ST are less correlated than sample M-YZ, due to the presence of residual electrolyte which screens the electrostatic interactions. The agreement with the experiment is good, regarding the fact that the MCT contains no adjustable parameter. For the most strongly correlated samples M-YZ and H, ⌬ D (q) is somewhat overestimated in MCT. This can be at least partially attributed to far-field hydrodynamic effects, present in the experimental samples and neglected both in the MCT and BD calculations. As shown in Ref. 35 on the basis of a simplified and not fully self-consistent MCT scheme, far-field HI promotes the decay of density fluctuation correlations, leading thus to a modest decrease in ⌬ D (q). The inclusion of far-field HI effects into a fully self-consistent MCT scheme is a very demanding numerical task ͑cf. Refs. 23 and 35͒ and is thus left to future work. It should be noted that the present MCT results for ⌬ D (q) are in significantly better agreement with experiment and computer simulation data than the simplified MCT results published earlier in Ref. 35 . The scaling behavior of S(q,t) and G(q,t) for the deionized charge-stabilized systems CS and GϩL with identical peak heights S(q m ) is analyzed in Figs. 4͑a͒ and 4͑b͒ . These systems are characterized by a single length scale r. RMSA results for S(q) versus reduced wave number q/q m are depicted in Fig. 4͑a͒ . The static structure factors of samples CS and GϩL are nearly identical when plotted versus q . The inset in the figure reveals differences at small q, which become visible only when nc(q) is plotted versus q instead of S(q). However, due to the smallness of S(k Ӷq m ) and due to the appearance of the factor k 4 in the integrals in Eqs. ͑3͒ and ͑7͒ defining the irreducible memory functions, these small-k differences are of no relevance in determining S(q,t) and G(q,t) . This can be seen from Fig.  4͑b͒ , where MCT results for C (q,t) are shown for three different wave numbers as a function of the reduced time t/ q . This figure clearly illustrates the scaling of S(q,t) discussed in Sec. III, according to which systems with longrange particle repulsion and identical S(q m ) possess equal dynamic structure factors as functions of the reduced parameters q and t. In the following, we focus on the predictions of the MCT with regard to hard-sphere dispersions. The static input S(q) is calculated using the Verlet-Weiss corrected PercusYevick approximation. 47 The MCT locates the ͑idealized͒ glass transition of hard-sphere dispersions at ⌽ϭ0.525, 39, 78 which is lower than the experimentally determined volume fraction. 43, 79 The caging of particles as described by the nonlinear feedback terms in Eqs. ͑3͒ and ͑7͒ is thus overestimated in the MCT. While the MCT does not reproduce exactly the experimental glass transition concentration, it does reproduce the special dynamic features of the hard-sphere glass transition scenario. 39, 43, 48, 49 We follow, therefore, the work of Götze and co-workers in renormalizing the concentration dependence of the MCT-calculated dynamic hardsphere properties according to ⌽→⌽ϫ⌽ g /0.525. Here, ⌽ g is not set equal to the experimental value of ϳ0.58, but is estimated instead such that the MCT results for D S L (⌽) conform well at large concentrations with BD data obtained without HI in Ref. 75 . This procedure gives ⌽ g ϭ0. 62 , with D S L /D 0 ϭ0.1 at the freezing transition concentration ⌽ f ϭ0.49, in accordance with the dynamic freezing criterion ͑cf. Fig. 6͒ . The ⌽-renormalization is used for all MCT results shown in Figs. 7-10 . Whether or not a colloidal glass ultimately crystallizes and the rate at which it does so depends on the particle size distribution 80 and on gravitational effects. 81, 82 A study on suspensions of hard-spherelike particles found the glass to remain so indefinitely on earth but to crystallize under microgravity. 81 Crystallization effects and gravitational influences are not incorporated into the idealized MCT, which is applied in this work to the fluid regime.
We remark that a value of D S L /D 0 ϭ0.085 rather close to 0.1 at freezing volume fraction ⌽ f was obtained also by Fuchs 83 using MCT hard-sphere asymptotic laws, valid close to the glass transition concentration. The work of Fuchs cor- FIG. 4 . MCT/RMSA results for S(q) and C (q,t) of system CS, with ⌽ ϭ5ϫ10 Ϫ5 , and system GϩL ͑cf. Hard-sphere MCT results for the reduced MSD W(t)/(D 0 t) without HI are shown in Fig. 7 for two values of ⌽, together with the corresponding BD results of Cichocki and Hinsen. 75 As seen, the agreement between MCT and BD improves with increasing concentration, with nearly coincident results even at intermediate times for ⌽ϭ0.5. The BD and MCT results compare very well, whereas the relaxation of S(q,t) is strongly overestimated in CEA. As pointed out already by its originators, 20 the CEA is designed for semidilute to moderately concentrated hard-sphere dispersions, where it is in good agreement with BD results. Its accuracy decreases with increasing concentration when mode coupling effects become strong.
BD data for the time-integrated irreducible memory functions have been reported in Ref. 74 and are included in Fig. 9 ͑for ⌽ϭ0.3) together with the MCT predictions. The function M C irr (q,0) can be expressed in terms of the nonexponentiality factor ⌬(q) as M C irr (q,0)ϭ⌬(q)/(1Ϫ⌬(q)), implying for monodisperse systems that M C irr (q,0)ϰq 2 and ⌬(q)ϰq 2 for qaӶ1. Contrary to M C irr (q,0), M S irr (q,0) is a monotonically decaying function. The overall q-dependencies are well reproduced by the MCT memory functions, with their values being consistently lower than the BD data. We expect the accuracy of the MCT predictions for M C irr (q,0) and M S irr (q,0) to improve for larger ⌽, in accord with an analogous observation in Fig. 7 for W(t) . To our knowledge, however, there are so far no hard-sphere BD data for M C,S irr (q,0) available at higher volume fractions to compare with. Inclusion of HI increases the hard-sphere irreducible memory functions above its curves shown in Fig. 7 , since near-field HI lead to an additional slowing down of particle diffusion.
In Fig. 10͑a͒ , we compare MCT and CEA results for the hard-sphere long-time collective diffusion coefficient D C L (q m ), and for the mean collective diffusion coefficient 44 ͑cf Sec. III͒. Notice that the HI-rescaled
is substantially larger than the coefficient calculated using the scheme of Verberg et al. 44 Since the short-time self-and collective diffusion coefficients D C S (q m )ϭD 0 H(q m )/S(q m ) and D S S of hard spheres according to Eqs. ͑14͒ and ͑11͒, respectively, are used as input in the hydrodynamic rescaling scheme, it is worthwhile to examine their concentration dependence in comparison with experimental results, and with approximations for these quantities proposed by Verberg and co-workers. The peak height S(q m ) of the hard-sphere S(q) is calculated using the Verlet-Weiss correction of the Percus-Yevick approximation. As seen from the inset in Fig. 11, S(q 
V. CONCLUSIONS
In this paper we have presented and analyzed theoretical predictions for collective and self-diffusional properties of monodisperse and slightly polydisperse colloidal dispersions. Our results have been obtained from the self-consistent numerical solution of the ͑rescaled͒ MCT based on the manyparticle Smoluchowski equation and applied to suspensions of charged and neutral colloidal spheres.
The dynamic structure factor and the mean-squared displacement of charge-stabilized systems calculated in MCT compare well with BD simulations and experimental results. The nonexponentiallity factor of charged suspensions, with small polydispersity effects included, is remarkably well predicted by the theory, as demonstrated in comparison with experimental and BD results of ⌬(q). For de-ionized suspensions of strongly repelling charged particles with welldeveloped nearest-neighbor shells, a dynamic scaling behavior of S(q,t) and G(q,t) is predicted in the fluid regime. From this scaling behavior, the equivalence of two seemingly unrelated criteria for the onset of freezing is deduced. The proposed dynamic scaling of the dynamic scattering functions is based on the MCT, with HI disregarded, and on the scaling of the static structure factor with respect to the peak position q m . We have confirmed the scaling of S(q/q m ) as predicted in the RMSA using the accurate Rogers-Young integral equation scheme. 32, 86 It would be of interest to examine the dynamic scaling predictions further with the help of dynamic computer simulations.
For hard spheres, our MCT analysis reveals an exponential long-time mode of S(q m ,t) for volume fractions ⌽ у0.22 well below the ͑idealized͒ glass transition concentration. This collective mode is associated with the long-time collective diffusion coefficient D C L (q m ), which is smaller than the collective diffusion coefficient D C L (q m ) related to the mean decay of S(q m ,t). A long-time exponential decay of S(q m ,t) has been predicted also for charge-stabilized dispersions of strongly correlated particles. 22 Our MCT results for colloidal hard spheres with renormalized volume fraction are in good qualitative accord with BD data for S(q,t), W(t), and for the time-integrated irreducible memory functions. The comparison with the BD data is even in quantitative agreement for the largest volume fraction ⌽ϭ0.5 considered. The asymptotic short-time and longtime forms of the hard sphere S(q,t) and G(q,t) are correctly predicted by the MCT, with amplitudes which are, however, not equal to the exact ones. It is possible to extend the good performance of the MCT for concentrated systems to hard-sphere dispersions at intermediate and small concentrations by combining the MCT with an Enskog-type generalized kinetic theory approach as proposed by Cichocki and Hinsen. 74 We are currently analyzing the predictions of this hybrid method.
A first-principles inclusion of ͑many-body͒ HI effects is to date a daunting task for any theory of concentrated dispersions. For colloidal hard spheres we have employed thus a semiempirical hydrodynamic rescaling of the MCT results, which allows for quantitative comparison with experimentally determined diffusional and viscoelastic properties. Physical arguments based on the cage picture have been provided to explain why the rescaling scheme is not applicable to systems with long-range repulsive pair forces. An approximate incorporation of leading order far-field HI in the MCT equations of monodisperse systems was provided by Nägele and Baur 35 and subsequently generalized to colloidal mixtures. 23, 28 This approach aims at describing the dynamics of charge-stabilized suspensions in the fluid regime. It differs from alternative attempts by Fuchs and Mayr 36 and by Verberg et al. 44 of incorporating many-body HI for colloidal hard spheres, in that the q-dependence of the MCT vertex functions is affected. That far-field HI should affect the structural relaxation of S(q,t) and G(q,t) in the liquid regime not only through the short-time coefficients D C S (q) ͓cf. Eq. ͑2͒ ff͔ and D S S but also through a modified k-dependence of the vertex functions V C (q,k) and V S (q,k) is indicated by the weak coupling form of the self memory function in the limit of small potential and hydrodynamic forces. 87 However, the question whether HI influences not only the colloi- dal dynamics within the fluid regime but also the glass transition scenario remains unresolved.
The multicomponent version of the MCT with far-field HI included has been used for successfully predicting electro-hydrodynamic effects on the self-diffusion of a colloidal particle arising from the collective motion of small ions constituting its electric double layer. 88 In conclusion, our analysis has shown that the ͑rescaled͒ MCT is applicable not only close to the glass transition, but also to fluid colloidal systems with significant particle correlations. The self-consistent MCT provides at least qualitatively correct predictions of diffusional and viscoelastic properties of colloidal dispersions with a variety of interaction potentials. 
